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Lecture 6: Cutting-plane Methods

6.1 Optimization, Oracles, and a One-Dimensional Example
We study the convex optimization problem

min f(x

acEIX f( )7

where X C R" is a convex body and f : X — R is convex. For the main development below, we
assume that the optimal value

f* = min f(x)

zeX

is known, and that we have access to a first-order oracle for f, meaning that at each query point
x € X it returns both the value f(x) and some subgradient g € 0f(z). Later, when we recast the
problem as a cutting-plane search problem, we will also discuss separation oracles for convex target
sets. The distinction matters: the center-of-mass method needs a far more explicit description of
the current search region than a separation oracle alone can provide, while the ellipsoid method can
be implemented from separation cuts together with an explicit outer ellipsoid. Since X is compact
and f is real-valued convex, the quantity

A= sup f(z) — inf f(z)

is finite.

s N

Definition 6.1 (J-optimal point). For § > 0, a point z € X is called d-optimal for the problem

iy f(y)
if

f(z) < ;g;{ f(y) + 4.

. J

We will formulate the guarantees in the following offline form: after 7' iterations, one of the first 7'
query points is guaranteed to be d-optimal. In particular, this also bounds the number of first-order
oracle calls by T

The basic idea already appears in one dimension. Let X = [a,b] C R. If we query the midpoint
¢ = (a+b)/2, then the sign of a subgradient at ¢ tells us on which side a minimizer must lie. Thus
optimization has been turned into a search problem: at each step we maintain an interval known to
contain at least one minimizer, and we cut that interval in half.
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Figure 1: In one dimension, querying the center of mass means querying the midpoint. The
separation rule returns one of two half-intervals, and the localization length is cut exactly in half.

s N

Lemma 6.1 (One-dimensional subgradient cut). Let f : [a,b] — R be convez, let ¢ = (a +b)/2,
and let g € 0f(c).

1. If g > 0, then f has a minimizer in |a,c|.

2. If g <0, then f has a minimizer in [c,b].

3. If g =0, then c is a minimizer of f on [a,b].

Proof of Lemma 6.1. For any y € [a, b], the subgradient inequality gives

fly) = f(e) +9(y —c).

If g > 0 and y € [¢,b], then f(y) > f(c), so

min f(y) > f(c) > min f(y).
yE|e,b] y€la,c]

Since f attains a minimum on the compact interval [a, |, there is a minimizer in [a, c]. The case
g < 0 is symmetric. If g =0, then f(y) > f(c) for every y € [a, b], so ¢ is a minimizer. O

Theorem 6.2 (One-dimensional cutting-plane complexity). Let f : [ag,bp] — R be convez.
Start from Iy = [ao, bo], and recursively define I1+1 by querying the midpoint ¢; of Iy and updating
according to Lemma 6.1. Then each interval Iy contains a minimizer of f, and

|I7| = 2771y
In particular, if x* is any minimizer of f, then for every x € I,

|z — z*| < 27T |Iy).

Proof of Theorem 6.2. By Lemma 6.1, each update keeps at least one minimizer in the surviving
interval and halves its length. Thus, by induction,

17| = 27" |Lo).

The final claim follows because both x and x* belong to the same interval I7. O



6.2 Feasibility, Separation Oracles, and Outer Approximations

The one-dimensional example suggests a more general search problem.

-

Definition 6.2 (Convex feasibility problem). Let Sy C R™ be a convex body, and let K C Sy
be an unknown convex target set. The feasibility problem is to find a point z € K.

-

Definition 6.3 (Separation oracle for a target set). A separation oracle for K C S is a
procedure that, on input « € Sy, returns one of the following:

1. a certificate that = € K; or

2. an open halfspace H C R” such that

KCH and x ¢ H.

Any halfspace H returned in the second case will be called a valid cut for K.

€

Algorithm 1 Generic cutting-plane method
Require: An initial convex body Sy C R™ and a separation oracle for an unknown target set
K C 5.
1: fort=0,1,2,... do
2: Choose a query point x; € S; and query the separation oracle at x;, for example one of:
3 Center-of-mass method: x; is the center of mass of S;.
4 Ellipsoid method: if S; is an ellipsoid, x; is its center.
5: if the separation oracle certifies that x; € K then
6
7
8
9

Output z; and stop.
else
Receive a valid cut H; for K.
Construct a new outer approximation Sy satisfying S; N Hy C S;11, for example one of:

10: Center-of-mass method: S;; :=S; N Hy.

11: Ellipsoid method: if S; is an ellipsoid, take S;11 as the ellipsoid defined in Theorem 6.9.
12: end if

13: end for

Proposition 6.3 (Volume threshold implies success). Consider the generic cutting-plane method
of this section. Assume that the returned halfspaces are all valid cuts for a target set K C Sgy.
If, after T iterations, the algorithm has not yet queried a point of K, then

K C St.

Consequently, if
vol(St) < vol(K),

then one of the first T query points must already lie in K.




Proof of Proposition 6.3. We prove by induction that K C S; as long as no queried point has yet
been certified to lie in K. This is true at t = 0 because K C Sy. If K C S; and the separation
oracle returns a valid cut H;, then

K CSNH, C S

Thus K C S7. If additionally vol(St) < vol(K), this is impossible. O

6.3 Sublevel Sets and Optimization Reduction

Definition 6.4 (delta-approximate optimal set). For ¢ > 0, define

Ks:={x e X: f(z) < f"+4}.

Thus finding a point in Kj is exactly the same as finding a d-optimal point. Equivalently, x € Kj if
and only if z is §-optimal.

Proposition 6.4 (A separation oracle for Ks). Fiz 6 > 0. The separation oracle for X together
with a first-order oracle for f implement a separation oracle for Kg:

1. If x4 ¢ X, apply the separation oracle for X. The returned halfspace H; satisfies
Ks C X C Hy.
2. If vy € X and f(xy) < f* 46, then x4 € Kj.
3. If vy € X and f(xy) > f*+ 9, take g € Of (x) and return the halfspace
Hy:={x € R": (g1, x — x4) < 0}.

Then
K5 C H;.

Proof of Proposition 6.4. The first two claims are immediate from the definitions of X and Kj.
For the third, let x € Ks. Then
f@) < f7+6 < fla).

The subgradient inequality at x; gives
f@) = f(@e) + (gr, @ — ) .

Hence
(grsx —xe) < fw) — fla) <0,

so x € H;. OJ
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Figure 2: A one-dimensional picture of the subgradient cut when the subgradient at x; is positive.
The cut deletes the side x > x4, because for every such point the subgradient inequality gives
f(x) > f(z) + ge(x — x) > f(x¢). The kept side x < x4 is not certified to be good: it still contains
points to the left of the minimizer whose objective value is larger than f(x;). The case g; < 0 is
symmetric.

To turn this into a quantitative statement, we need a lower bound on the volume of a d-approximate
optimal set. For this purpose alone, introduce the homothetic witness set

W, = (1 — @)argmin f(x) + aX, a € (0,1].
zeX

Proposition 6.5 (A witness-set lower bound for a delta-approximate optimal set). For o € (0, 1],

Weao C Ky and vol(Kan) > o™ vol(X).

Proof of Proposition 6.5. Let y € W,. Then
y=(1-a)z+azx
for some z € argmin,cy f(u) and some z € X. By convexity,
F) < (1= a)f(2) + af(@) = (1 — a)f* +af(@) < f*+ad

soy € Koa. Thus W, C K .
Now choose any minimizer z* € argmin,x f(z). The affine map

To(x) :== (1 — a)z* + ax
has linear part al, so its Jacobian determinant equals a”. Since
To(X) = (1 —a)z* + aX CW,,

we have
vol(Wy) > vol(To (X)) = o™ vol(X).

Because W, C K,a, it follows that

vol(K,a) > vol(W,) > o™ vol(X).



6.4 Center of Mass in High Dimension

The midpoint is the center of mass of an interval. Its high-dimensional analogue is therefore the
center of mass of the current search region.

-

Definition 6.5 (Center of mass). Let S C R" be measurable, bounded, and of positive volume.
Its center of mass is

1
center(S) := V()I(S’)/ngdx'

~

Theorem 6.6 (Griinbaum’s theorem). Let S C R™ be measurable, bounded, convez, and of
positive volume. Let ¢ = center(S), and let H be a closed halfspace whose boundary contains c.
Then

vol(S N H) > ( n 1>nvol(S).

The sequence (n/(n+ 1))" is strictly decreasing in n and tends to 1/e. Consequently,

n

vol(SNH) > 1VOI(S) Vn>1,
e

and this dimension-free lower bound is what we will use in the complexity analysis below. This is
the classical Grinbaum inequality; see [Gri60] for the original source and [MSZ18, Theorem 1]
for a modern generalization from which this statement follows as a special case.

~N

Theorem 6.7 (Center-of-mass search complexity). Consider the generic cutting-plane method

with exact updates
St+1 = 5: N Hy,

and choose
x; = center(S)

at every iteration. Assume that each valid cut Hy has boundary through x;. Then
vol(S7) < (1 — e HT vol(Sp).
Consequently, if K C Sy is any convex target set satisfying
vol(K) > n,

then
[3log(vol(So)/n)] + 1

separation-oracle queries suffice to find a point in K.

Proof idea of Theorem 6.7. At each step, the cut passes through x; = center(S;). By Theorem 6.6,
the kept half S; N H; contains at most a (1 — e~1)-fraction of the current volume. Iterating gives

vol(S7) < (1 —e YT vol(Sp).

If the algorithm had not yet queried a point in K, then all cuts would still be valid for K, so



Proposition 6.3 would force
vol(St) > vol(K) > n.

Thus once vol(Sr) < 7, some earlier query must already have belonged to K. Since log((1 —
e~ 1H~1) > 1/3, it is enough to take

T > 3log VOI;SO).

-

Corollary 6.8 (Center-of-mass optimization complexity). Assume 0 < § < A. Run the center-
of-mass method on the optimization problem min,cx f(x), using the separation oracle for Ks
from Proposition 6.4. Then after

[3nlog(A/d)| +1

iterations, and hence at most that many first-order oracle calls, one of the queried points is
d-optimal.

Proof of Corollary 6.8. Choose

0
=
By Proposition 6.5,

vol(Ks) > o vol(X).

Applying Theorem 6.7 with K = K, Sp = X, and n = o vol(X) yields
vol(S7) < (1 — e HT vol(X).
Thus vol(S7) < a™ vol(X) as soon as
(1-—eHT <a®,

or equivalently,

nlog(l/a)  nlog(A/d)
P log(T—e ) ) Tog(T—e D))
Since
1

log(1—¢™)7) > 3.

it is enough to take
T > 3nlog(A/9).

Therefore the stated integer bound on 7T suffices. Any point in Kj is d-optimal by definition of
Ks. O

Remark 6.1. The center-of-mass method is geometrically natural but computationally demanding.
At every step it requires a sufficiently explicit representation of the current search region to
compute its center of mass. The ellipsoid method replaces the true search region by a tractable
outer approximation whose center and update are explicit.




(a) Two center-of-mass cuts (b) Two ellipsoid updates
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Figure 3: Both panels start from the same unit disk and keep the side containing the same small
target set. In (a), the exact localization sets Ky D K1 D Ko are overlaid in one coordinate system:
after two center-of-mass cuts, the shape is visibly no longer ellipsoidal. In (b), the ellipsoid method
uses the same two cut directions, but after each cut it replaces the kept region by an explicit covering
ellipsoid, so the overlaid iterates Fy, Fq, Fo remain ellipsoids throughout.

6.5 Ellipsoids as Tractable Outer Approximations

The center-of-mass method keeps the exact localization set Ky, but after only a few cuts that set
becomes too irregular to represent explicitly. The ellipsoid method trades exactness for tractability:
instead of keeping K; itself, it keeps an explicit outer ellipsoid F; 2 K;. The price is that the
one-step shrink is no longer the dimension-free constant of Theorem 6.7; instead, the update below
guarantees only the weaker factor e~/ which is precisely where the extra factor of n in the final
complexity comes from.

-

Definition 6.6 (Ellipsoid). Let Q € R"*" be symmetric positive definite and ¢ € R"™. The
ellipsoid with center ¢ and shape matrix @) is

E(c,Q) := {:U eER":(z—¢)'Q Yz —0¢) < 1} .

Theorem 6.9 (A covering ellipsoid for a central cut). Assume n > 2. Let E(c, Q) be an ellipsoid
in R™. Let a € R™\ {0}, define the central halfspace

H:={zeR": (a,z) <(a,0)},

Define
oL Qs e ™ (5 2 Qu'Q)
n+1,/aTQa n?—1 n+1 a'Qa
Then

E(c,Q)NH C E(ct,Q%)  and  vol(E(c",Q")) < e VU vol(E(c, Q)).

g J

Proof idea. The statement is affine-invariant. If we write

x=c+QY?%,



then E(c, Q) is sent to the unit ball B = {z : ||2||, < 1}, the cut becomes

1/2
{z: (v,z) <0}, V= QaTC;a’

and both volumes are multiplied by the same Jacobian factor det(Ql/ 2). Thus it suffices to analyze
the normalized case ¢ = 0, @ = I, and after a rotation we may further assume v = e;. In that case
the covering ellipsoid is centered at —ep /(n + 1), with semiaxis lengths n/(n 4 1) in the ej-direction
and n/v/n? — 1 in the orthogonal directions. Therefore its volume ratio relative to the unit ball is

n n n—1 n? n/2 n—1
n—l—l( n2—1> :<n2—1> n+1’

Figure 4: The normalized two-dimensional case, drawn using the notation E(f3,r, s). The left contact
point gives the relation § + r = 1, while the vertical section at z; = 0 has half-length s\/1 — 32 /r2.
To cover the half-disk, this vertical half-length must be at least 1, and the minimum-area solution
occurs when it is exactly 1.

To see why these parameters are the optimal ones, work in the normalized case and use the rotational
symmetry around the ej-axis. The minimum-volume covering ellipsoid must therefore have the form

2 2
(1 +8) el _ 1}
r2 52 - ’

E(B,r,s) := {z eR™:

where z = (z1,21), 8 >0, 7 > 0, and s > 0. The leftmost point of E(f3,r,s) is —(5 + r)ej, so
covering the point —e; forces
B+r>1.

Also, the section of E(8,r,s) by the hyperplane z; = 0 is the Euclidean ball

{ZJ_ eRrR* L. 2]l < sy/1— ﬂz/TQ},

so covering the equatorial disk {z1 =0, ||z ||, < 1} forces

sy/1—B2/r2 > 1.



At the minimum-volume solution both inequalities must be tight, since otherwise one could decrease
r or s and obtain a smaller covering ellipsoid. Therefore

2
B+r=1, S 1—6—2:1,
r
" (1- 5y
1-— 1
=1- R Sl < <pB<-.
r 8, s 123" 0_f3<2

Therefore it remains to minimize the exact volume ratio

VO r. S _ n—1
I(VE‘O(I(B_’B)’)) = T’S”—l — (]_ — ﬁ) (\/11_7ﬁ2ﬁ> — (1 _ ,B)n(l . 2,8)_("_1)/2’

where B = {z € R" : ||z||, < 1} is the unit ball. Taking logarithms,
n n—-1  (n+1)8-1

a4 log(rs" ') =

dB -8 1-28 (1-p)1-25)
Thus the minimizer is
5= 1 - n s n
T n41’ a4+l CVnz—1’

which is exactly the choice used above.

Theorem 6.10 (Ellipsoid search complexity). Assume n > 2. Let Eg CR™ be an ellipsoid and
let K C Ey be a convex target set. At iteration t, query the center c; of the current ellipsoid E;.
If the separation oracle does not certify that ¢; € K, let Hy be a valid cut for K whose boundary
passes through ci, and let Eyy1 be the ellipsoid obtained by applying Theorem 6.9 to Ey and Hy.

Then
vol(Ep) < e~ 1704 vol(Ey),

Consequently, if
vol(K) > n,
then

Pn log

separation-oracle queries suffice to find a point in K.

Proof of Theorem 6.10. As long as the algorithm has not yet queried a point in K, each returned

cut H; is valid for K, so
K CE,NH; C FEyyq.

Applying Theorem 6.9 at each iteration yields
vol(Ep) < e~ T4 yol(Ey).
If the algorithm had not yet queried a point in K, then
K C Er, hence vol(Er) > vol(K) > n.
Therefore the algorithm must have found a point of K once

e~ T/(4n) vol(Ey) <,

10




which is equivalent to

T> 4nlogM.

Therefore the stated integer bound on 7' suffices. O

Corollary 6.11 (Ellipsoid optimization complexity). Assume 0 < § < A. Assume X C Ey for
some ellipsoid Ey. Run the ellipsoid method on mingcx f(x), using the separation oracle for
Ks from Proposition 6.4. Then after

VOI(E())
vol(X)

4dnl
{nog 5

A
+ 4n?log J +1

iterations, and hence at most that many first-order oracle calls, one of the queried points is
d-optimal.

.

Proof of Corollary 6.11. Choose
0
By Proposition 6.5,
vol(Kjs) > o vol(X).

Applying Theorem 6.10 with K = K5 and n = o™ vol(X) gives

vol(Ep)
T = |4nlog ————— 1
L 108 a”vol(X)J +
vol(Ep) 9 IJ
= |4nl 4n*log — 1
L 108 vol(X) an %8 & +
ol(Ep) 2 AJ
= |4nl 4n*log — 1
1(X) + 4n” log 3 +
Any point in K is é-optimal by definition of Kj. O

Proof of Theorem 6.9. Let

1/2
a:=1/a'Qa and vi= @ ¢
o

Then ||v||, = 1. Apply the affine change of variables
z=c+ QY%
In the z-coordinates, the ellipsoid E(c, Q) becomes the Euclidean unit ball
B:={zeR":|z], <1},

and the central cut becomes
Bn{zeR":(y,z) <0}.

The proposed covering ellipsoid becomes

E. .= {z ER": (z4+v/(n+1) M z4+v/(n+1)) < 1},

11



where

2 2
M = i <I— VVT>.
n?—1 n+1

Fix z = sv +w € B with s <0 and w L v. Since ||z|, < 1, one has % + |w]||5 < 1. The matrix
M has eigenvalue n?/(n + 1)? along v and eigenvalue n?/(n? — 1) on v*. Therefore

2 n+1

n 2 2 2
(Z+V/(n+1))TM71(Z+V/(TL+1)):( :1) <8+ ! > + n21Hw||§

(n+1)2< 1 )2 n?—1
<
n?2 S+n—|—1 + n?2
2 1
:1+L—;>s(s+1)§1,
n

because —1 < s < 0. Thus the cut ball is contained in E,, hence
E(c,Q)NH C E(ct,Q™).
For the volume estimate, note that
QY =QV2MQY?,  det(QT) = det(M) det(Q).

Since M has one eigenvalue n?/(n + 1)? and n — 1 eigenvalues n?/(n? — 1),

n? "n—1
det(M) = <n2—1 n+1

(1-4)

Hence 12
vol(E(ct, Q™)) nz \" n—1
=/det(M) = .
vol(E(c, Q)) et(M) n?—1 n+1
A direct logarithmic estimate shows that this factor is at most e~ /4" for all n > 2. O

information-based complexity viewpoint, see [NY83].

Remark 6.2 (Historical note). Cutting-plane ideas for convex programming long predate the
ellipsoid method; a classical early example is Kelley’s cutting-plane method [Kel60]. The ellipsoid
method itself emerged from the 1970s Soviet line of work on nonsmooth convex optimization and
became widely influential after Khachiyan’s polynomial-time algorithm for linear programming
[Kha79]. Its role in combinatorial optimization was then crystallized by Grotschel, Lovész, and
Schrijver through the separation—optimization equivalence and related applications [GLS88].
Here the key point is not that the ellipsoid method somehow resolves integrality on its own;
rather, certain discrete problems admit exact convex formulations, often integral polytopes or
exact convex extensions, together with efficient separation oracles. For the broader oracle and

Exercises

1. Show that the one-dimensional method above can be viewed as a cutting-plane method for the

unknown target interval

argmin f(z).
z€[a,b]

12



2. Suppose now that f* is not known and that only a subgradient oracle for f is available. Show
that the construction in Proposition 6.4 no longer gives a genuine separation oracle for Kj,
but still yields the following offline guarantee: if none of the first 7" query points is J-optimal,
then every cut produced in those T steps is valid for Kj.

3. Compare the complexity statements of Corollaries 6.8 and 6.11. Why does the ellipsoid method
lose an extra factor of n?
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