TTIC 31070: Convex Optimization
Homework 3 Solutions

Professor Zhiyuan Li

Spring 2026

Problem 1

(a)

Since V®(y); = 1 + logy;,
Do(z,y) = sz log x; — Zyi log yi — Z(l + log yi) (@i — vi)-
Rearranging,
s
Do(z,y) = Zl‘ilogj - in+zyi-
- ) ~ -
(2 (2 (2

Ifz,y € Ag, then Y, x; =5 y; =1, so

o

Dg(z,y) = E xilogj.
. (2
2

Let
We first show that a minimizer cannot lie on the boundary of A;. Suppose x; = 0 for some

i, and choose k with x > 0. For small ¢ > 0, the point = + t(e; — ex) remains in Ay. The
directional derivative of the linear term is finite, while the entropy part contains

t T —1
tlog — + (z — t) log LI
Yi Yk
Its derivative as t | 0 is
t T — t
log — — log — —00.
Yi Yk

Thus moving into the simplex strictly decreases F', so no boundary point is optimal. Hence
every minimizer lies in Aj.

On A, the only active constraint is ), x; = 1. The Lagrangian is

n(g,x) + Do(z,y) + A <Z:1:—1> .

7
Since Do (z,y)/0z; = log(x;/y;), stationarity at =T gives

x
ngi +log =+ A =0,
Yi

equivalently
ﬁgi+log33;r—logyi+)\:0 1=1,...,d.



()

From the KKT condition,

R W
x| =e “ye M9

The scalar e~ is determined by Y, 2;” = 1. Therefore

.6—7791' .
S T N T

Z;l 1yj€e —Nngj

Replacing g by g + ¢1 multiplies every numerator y;e~ i by the same factor e™"¢ so the
normalized update is unchanged. Geometrically, feasible directions v in the simplex satisfy

>, vi =0, hence
v) = chi =0.
i

Thus the component of the covector normal to the simplex has no effect on the constrained
mirror step.

Ify=(1/d,...,1/d), then for u € Ay,

Dg(u,y) = ZU’Z log u; + log d.
i

Since 0 < u; < 1, we have u; log u; < 0, with the convention 0log0 = 0. Hence

D@(U, y) < 10g d.

Apply the constant-stepsize version of Corollary 9.4 from the lecture notes to the negative-
entropy mirror map on the centered simplex. This is legitimate here because the iterates stay
in Aj, while Dg (u, z;) is defined for u € A4 by the continuous extension in the first argument.
Since @ is 1-strongly convex with respect to ||-||; on Ag, and the dual norm is [|-|| ., Corollary

9.4 gives
d D (u, 77 T
1 2
Z; gtvxt_u = 52_: ‘gt”oo

t
Using z1 = (1/d,...,1/d), part (e), and ||g¢||,, < G, this gives

n 2

_ [2logd
"=\ Ger

T
Z (g, —u) < G/2T logd.

t=1

d _logd  nG®T
Z gt7 Tt — U = +
t=1

The right side is minimized at

when G > 0. This gives

If G =0, the regret is 0, so the same bound is trivial.



(2)

Euclidean mirror descent uses ¥(z) = 3 ||||3, which is 1-strongly convex with respect to ||-|,.

d 3 xn
1 "7
th,xt—u y<i——2 ZHgHz
=1

Therefore

For u € Ay and 21 = (1/d,...,1/d),
1
2
=il =300t - g <1

and ”gtHg < ngtHio < dG?. Hence

4 1 pdG2T
Z gt, Tt — U >~ + .
p 217 2

The optimal choice is n = 1/(GVdT) when G > 0, yielding

T
Z g, xp —u) < GVAT.

t=1

Thus entropy geometry gives dimension dependence /log d, while Euclidean geometry gives

v/d under the same (5, gradient bound.

Problem 2

(a)

Complete the square:

~ 1 - 1 ~ ~ 1~
(ge,2) + 5 llo — %, = 3 Hx — (@ — H; 19t)‘ .

Thus 1
Ty41 = argmin — Hm — (T — H 'q)
rzeX
If X =R? the minimizer is B

~ ~ _1~
Tt4+1 = Tt — Ht gt.

Since

2

Hy

|5

~ 1 1
Ht_lzndiag< sy >,
£/ Vt,1 \/Vt.d

we get _
gt

\/Ut,z"

T4l = Ttg — 1]

We prove the three identities by induction. At ¢t =0, vo; = ap; = ¢. If v;_1; = Bé_

then

~2 ¢ ~2
Vi = Povi—1i + G = Poat—14 + Gty

/2~
Since gti = 52 9ti;

-+ constant.

Byar; = B(ar—1,i + g74) = Bhar—1. + Grs-

1
at—1,i,



Thus vy ; = ﬂ%am, and therefore

~ 1 .
Ht = Edlag(wvt,i) = 55/2At

Assume now that x; = Z;. The diagonal AdaGrad objective is
1 2 —t2 ( ~ 1 ~ 2
(,2) + 3 o =il = 67 (G + 5 o = Bl )

Multiplication by the positive scalar 3, 2 does not change the argmin set, so xy+1 = ZTy41.
Since x1 = 71, the induction is complete.

By convexity,
Li(xi) — Li(u) < (g, x¢ — u) .

It remains to bound the right side. The optimality condition for the AdaGrad step gives
(g + Ar(@i41 — 1), u — 2441) > 0.
Hence
(g6, w0 — u) = (g6, Tt — Te1) + (G Te1 — ) < (G, Tt — Te1) + (Ae(@eg1 — Te), u — Tepa) -
By the Lecture 8 three-point identity, applied to hy(v) := 3 HU||124t with © = 411, y = @, and

z = u, we have Vhy(v) = Ay and Dy, (a,b) = L |la — bHit, S0

1 2 2 1 2
(Ae(zerr = 2e),u = zi41) = 5 lJu = 2elly, = 5w = zealla, = 5 lwern —elly,

2
and Young’s inequality in the A;-norm gives
1 2 1 9
(9,7t — wp41) < 5 ||9tHAt—1 + ) |z — $t+1||,4t ‘

Combining these,

1 2 1 2 1 2
(e, 20 —u) < Sllu—aella, — 5 llw = zealla, + 5 llgelly - -

Now sum over t. Since A; is coordinatewise nondecreasing,

T
1 2 1 2 1 2 1 2 1 2
Z <2 Ju — thAt ) Ju— l’t+1HAt> ~ 3 Ju— 5171HAl + ) Z Ju— xt”At—At,l ) |u— $T+1”AT

t=1 t=2

1 1 <&
2 2
<3 lu =13, + B Z luw— e[, —a, ,
=2

) T d
< RTOO (Z(Al)zz + Z Z((At)m - (At—l)ii)>

=1 t=2 i=1
d d
R? R?
- = Y v
i=1 N i=1



Also,

T d T 2 d
1 2 n 9t
J— _ —_ — 9 < R
DUTIE Yo SO
= =1 t=1 =1

where the last step uses

Indeed, since a;; = a;—1,; + gfi,

97 _ O T Bl 2(at; —ar-14)
\/Qti V/at i VOt \/ai—1,

Summing over t gives

= 2(yari — \/ar—1.)-

T
9
PO — <2Z Vani = ar1;) = 2(\/ar; — \/aos) < 2./ar;.
=1 t,%
Combining these estimates gives

T 9 d
Z(Lt(l“t) — Lt(U)) < <];OO + 77) Z \Var;.

t=1

(d) Since L; = ﬁ;mzt and x; = &y, part (c) gives
d /2,7 1~ ~ R2 d
>0 65 L@ - Liw) < (5= +0) 3 va
t=1 i

Multiplying by BQT /2a

T B _ 2 d
Z 5§T7t)/2 (Lt(ft) — Lt(u)) < (};;}70 + 77> Z \/ BgaTﬂ‘.
t=1 =1

Finally,
ﬁgaTz B25+Z/829t1 ﬁ2€+ZﬁT tfgthz?

because ¢;; = 5 t/ 2§t,i- This is exactly the claimed discounted regret bound.

Problem 3

(a) By definition of the convex conjugate,

0% (u) = sup{(u, z) — 0k (2)} = sup (u,z) = ok (u).
el zeK
The supremum is a maximum because K is compact. Applying the Lecture 4 Fenchel duality
formula to h = dg, the dual of

inf{f(x) + 05 (2)}



sup {—f"(u) = 0 (—u)} = sup {—f"(uv) — ox(—u)}.

ucE* ucE*

For any x and u, Fenchel-Young gives
f@) + () = (u,z) .
If x ¢ K, then dx(z) = +00, so the gap is nonnegative. If x € K, then
o (—u) > (—u,x) = — (u,x).

Thus
Glau) = f(x) + Sxc(w) + F*(u) + o (~u) = 0.

The subdifferential of the support function is the exposed face:

Ook (w) = argmax (w, z) .
z€K

Indeed, if z maximizes (w,-) over K, then for every w’,
ox(w) > (W', z) = (w,2) + (W —w,z) = ox(w) + (v —w,z),
s0 z € Joi (w). Conversely, suppose g € dog(w). Then
ox(w') > og(w) + (v —w,q) Y.

Taking w’ = 0 gives (w, q) > ok (w). Also, applying the subgradient inequality to w + 7a and
using subadditivity of o,

orx(w) + 1ok (a) > ox(w+ Ta) > og(w) + 7 (a,q) Va, 7> 0.

Hence (a, q) < ok (a) for all a. By finite-dimensional separation, this implies ¢ € K. Therefore
(w,q) < og(w), and together with the inequality above we get (w,q) = ox(w). Thus ¢
maximizes (w,-) over K. Taking w = —u gives

Jok(—u) = argmax (—u, z) = arg min (u, z) .
z€K zeK

Now set v = V f(x) and choose s € argmin, ¢ (u, z). Since f is differentiable, Fenchel-Young
is tight at u = V f(z):
f@) + f*(u) = (u, ).

Also o (—u) = (—u, s) = — (u, s). Therefore
Gz, V(@) = (u,2) = (u,8) = (Vf(2),2 = 5).

Let uy = Vf(x¢). From part (b),
st € dog (—uy).

For the composition u — o (—u),

Aok o (=1))(ur) = 0ok (—ur),



so —s¢ € O(ox o (—I))(ut). Since f* is differentiable at u; and V f*(us) = w4,
Tt — St € Vf*(Ut) + 6(0}( o (—I))(ut) = 8\1/(ut)

The dual mirror-descent subproblem is unconstrained:

U1 € argmin {7y (u — ug, ¢ — 5¢) + D= (u, up) }
ueb*

Using
D (u,ue) = f*(u) = f*(w) = (w—ue, VI (uy))

this means usy1 minimizes

Ve (u — ug, xp — se) + fT(u) — f7(ur) — (u—ur, VI (ur))
over u € F*. Its first-order condition is

0= ve(xs — s¢) + VI (ug1) — VI (ur).

Since V f*(ut) = x,

Vi (uer1) = o0 — vz — 8t) = (1 — 9)wt + Vest = Tyt
Since V f*(ut41) = 241, we have x441 € 9f*(ug41). By conjugacy, upr1 € Of (x441). Since f
is differentiable, Of (z1+1) = {Vf(2¢4+1)}. Therefore

U1 = Vf(zer1).

Thus the dual mirror-descent update is exactly the Frank—Wolfe update written in dual

coordinates.

We prove the formula by induction. For T'=1, v = 1, so 21 = sg, and

20 4 1)

0T T,

S0-

Assume

N

2t + 1)

2 T(T+ 1)

i
o

Using v = 2/(T + 2),

(2 L2 T2
TT+1 = T+2) T T 72T T " T T T

Substituting the induction hypothesis,

T-1

. B Z 2(t+1) 5 2(T+1) .
T DT+ ()T +2)

This is exactly

T

2(t+1)
IT4+1 = z:; T+1)( T+2) St-

Therefore, for every T' > 1,

— T T + 1



