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Problem 1

(a) Since ∇Φ(y)i = 1 + log yi,

DΦ(x, y) =
∑
i

xi log xi −
∑
i

yi log yi −
∑
i

(1 + log yi)(xi − yi).

Rearranging,

DΦ(x, y) =
∑
i

xi log
xi
yi
−
∑
i

xi +
∑
i

yi.

If x, y ∈ ∆◦d, then
∑

i xi =
∑

i yi = 1, so

DΦ(x, y) =
∑
i

xi log
xi
yi
.

(b) Let
F (x) := η 〈g, x〉+DΦ(x, y).

We first show that a minimizer cannot lie on the boundary of ∆d. Suppose xi = 0 for some
i, and choose k with xk > 0. For small t > 0, the point x + t(ei − ek) remains in ∆d. The
directional derivative of the linear term is finite, while the entropy part contains

t log
t

yi
+ (xk − t) log

xk − t
yk

.

Its derivative as t ↓ 0 is

log
t

yi
− log

xk − t
yk

→ −∞.

Thus moving into the simplex strictly decreases F , so no boundary point is optimal. Hence
every minimizer lies in ∆◦d.

On ∆◦d, the only active constraint is
∑

i xi = 1. The Lagrangian is

η 〈g, x〉+DΦ(x, y) + λ

(∑
i

xi − 1

)
.

Since ∂DΦ(x, y)/∂xi = log(xi/yi), stationarity at x+ gives

ηgi + log
x+
i

yi
+ λ = 0,

equivalently
ηgi + log x+

i − log yi + λ = 0 i = 1, . . . , d.
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(c) From the KKT condition,
x+
i = e−λyie

−ηgi .

The scalar e−λ is determined by
∑

i x
+
i = 1. Therefore

x+
i =

yie
−ηgi∑d

j=1 yje
−ηgj

, i = 1, . . . , d.

(d) Replacing g by g + c1 multiplies every numerator yie
−ηgi by the same factor e−ηc, so the

normalized update is unchanged. Geometrically, feasible directions v in the simplex satisfy∑
i vi = 0, hence

〈c1, v〉 = c
∑
i

vi = 0.

Thus the component of the covector normal to the simplex has no effect on the constrained
mirror step.

(e) If y = (1/d, . . . , 1/d), then for u ∈ ∆d,

DΦ(u, y) =
∑
i

ui log ui + log d.

Since 0 ≤ ui ≤ 1, we have ui log ui ≤ 0, with the convention 0 log 0 = 0. Hence

DΦ(u, y) ≤ log d.

(f) Apply the constant-stepsize version of Corollary 9.4 from the lecture notes to the negative-
entropy mirror map on the centered simplex. This is legitimate here because the iterates stay
in ∆◦d, while DΦ(u, xt) is defined for u ∈ ∆d by the continuous extension in the first argument.
Since Φ is 1-strongly convex with respect to ‖·‖1 on ∆d, and the dual norm is ‖·‖∞, Corollary
9.4 gives

T∑
t=1

〈gt, xt − u〉 ≤
DΦ(u, x1)

η
+
η

2

T∑
t=1

‖gt‖2∞ .

Using x1 = (1/d, . . . , 1/d), part (e), and ‖gt‖∞ ≤ G, this gives

T∑
t=1

〈gt, xt − u〉 ≤
log d

η
+
ηG2T

2
.

The right side is minimized at

η =

√
2 log d

G2T

when G > 0. This gives
T∑
t=1

〈gt, xt − u〉 ≤ G
√

2T log d.

If G = 0, the regret is 0, so the same bound is trivial.
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(g) Euclidean mirror descent uses Ψ(x) = 1
2 ‖x‖

2
2, which is 1-strongly convex with respect to ‖·‖2.

Therefore
T∑
t=1

〈gt, xt − u〉 ≤
1
2 ‖u− x1‖22

η
+
η

2

T∑
t=1

‖gt‖22 .

For u ∈ ∆d and x1 = (1/d, . . . , 1/d),

‖u− x1‖22 =
∑
i

u2
i −

1

d
≤ 1,

and ‖gt‖22 ≤ d ‖gt‖
2
∞ ≤ dG2. Hence

T∑
t=1

〈gt, xt − u〉 ≤
1

2η
+
ηdG2T

2
.

The optimal choice is η = 1/(G
√
dT ) when G > 0, yielding

T∑
t=1

〈gt, xt − u〉 ≤ G
√
dT .

Thus entropy geometry gives dimension dependence
√

log d, while Euclidean geometry gives√
d under the same `∞ gradient bound.

Problem 2

(a) Complete the square:

〈g̃t, x〉+
1

2
‖x− x̃t‖2H̃t

=
1

2

∥∥∥x− (x̃t − H̃−1
t g̃t)

∥∥∥2

H̃t

+ constant.

Thus

x̃t+1 = arg min
x∈X

1

2

∥∥∥x− (x̃t − H̃−1
t g̃t)

∥∥∥2

H̃t

.

If X = Rd, the minimizer is
x̃t+1 = x̃t − H̃−1

t g̃t.

Since

H̃−1
t = η diag

(
1
√
vt,1

, . . . ,
1
√
vt,d

)
,

we get

x̃t+1,i = x̃t,i − η
g̃t,i√
vt,i

.

(b) We prove the three identities by induction. At t = 0, v0,i = a0,i = ε. If vt−1,i = βt−1
2 at−1,i,

then
vt,i = β2vt−1,i + g̃2

t,i = βt2at−1,i + g̃2
t,i.

Since gt,i = β
−t/2
2 g̃t,i,

βt2at,i = βt2(at−1,i + g2
t,i) = βt2at−1,i + g̃2

t,i.
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Thus vt,i = βt2at,i, and therefore

H̃t =
1

η
diag(

√
vt,i) = β

t/2
2 At.

Assume now that xt = x̃t. The diagonal AdaGrad objective is

〈gt, x〉+
1

2
‖x− xt‖2At

= β
−t/2
2

(
〈g̃t, x〉+

1

2
‖x− x̃t‖2H̃t

)
.

Multiplication by the positive scalar β
−t/2
2 does not change the argmin set, so xt+1 = x̃t+1.

Since x1 = x̃1, the induction is complete.

(c) By convexity,
Lt(xt)− Lt(u) ≤ 〈gt, xt − u〉 .

It remains to bound the right side. The optimality condition for the AdaGrad step gives

〈gt +At(xt+1 − xt), u− xt+1〉 ≥ 0.

Hence

〈gt, xt − u〉 = 〈gt, xt − xt+1〉+ 〈gt, xt+1 − u〉 ≤ 〈gt, xt − xt+1〉+ 〈At(xt+1 − xt), u− xt+1〉 .

By the Lecture 8 three-point identity, applied to ht(v) := 1
2 ‖v‖

2
At

with x = xt+1, y = xt, and

z = u, we have ∇ht(v) = Atv and Dht(a, b) = 1
2 ‖a− b‖

2
At

, so

〈At(xt+1 − xt), u− xt+1〉 =
1

2
‖u− xt‖2At

− 1

2
‖u− xt+1‖2At

− 1

2
‖xt+1 − xt‖2At

,

and Young’s inequality in the At-norm gives

〈gt, xt − xt+1〉 ≤
1

2
‖gt‖2A−1

t
+

1

2
‖xt − xt+1‖2At

.

Combining these,

〈gt, xt − u〉 ≤
1

2
‖u− xt‖2At

− 1

2
‖u− xt+1‖2At

+
1

2
‖gt‖2A−1

t
.

Now sum over t. Since At is coordinatewise nondecreasing,

T∑
t=1

(
1

2
‖u− xt‖2At

− 1

2
‖u− xt+1‖2At

)
=

1

2
‖u− x1‖2A1

+
1

2

T∑
t=2

‖u− xt‖2At−At−1
− 1

2
‖u− xT+1‖2AT

≤ 1

2
‖u− x1‖2A1

+
1

2

T∑
t=2

‖u− xt‖2At−At−1

≤ R2
∞
2

(
d∑
i=1

(A1)ii +
T∑
t=2

d∑
i=1

(
(At)ii − (At−1)ii

))

=
R2
∞
2

d∑
i=1

(AT )ii =
R2
∞

2η

d∑
i=1

√
aT,i.
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Also,

1

2

T∑
t=1

‖gt‖2A−1
t

=
η

2

d∑
i=1

T∑
t=1

g2
t,i√
at,i
≤ η

d∑
i=1

√
aT,i,

where the last step uses
T∑
t=1

g2
t,i√
at,i
≤ 2
√
aT,i.

Indeed, since at,i = at−1,i + g2
t,i,

g2
t,i√
at,i

=
at,i − at−1,i√

at,i
≤ 2(at,i − at−1,i)√

at,i +
√
at−1,i

= 2
(√
at,i −

√
at−1,i

)
.

Summing over t gives

T∑
t=1

g2
t,i√
at,i
≤ 2

T∑
t=1

(√
at,i −

√
at−1,i

)
= 2
(√
aT,i −

√
a0,i

)
≤ 2
√
aT,i.

Combining these estimates gives

T∑
t=1

(
Lt(xt)− Lt(u)

)
≤
(
R2
∞

2η
+ η

) d∑
i=1

√
aT,i.

(d) Since Lt = β
−t/2
2 L̃t and xt = x̃t, part (c) gives

T∑
t=1

β
−t/2
2

(
L̃t(x̃t)− L̃t(u)

)
≤
(
R2
∞

2η
+ η

) d∑
i=1

√
aT,i.

Multiplying by β
T/2
2 ,

T∑
t=1

β
(T−t)/2
2

(
L̃t(x̃t)− L̃t(u)

)
≤
(
R2
∞

2η
+ η

) d∑
i=1

√
βT2 aT,i.

Finally,

βT2 aT,i = βT2 ε+
T∑
t=1

βT2 g
2
t,i = βT2 ε+

T∑
t=1

βT−t2 g̃2
t,i,

because gt,i = β
−t/2
2 g̃t,i. This is exactly the claimed discounted regret bound.

Problem 3

(a) By definition of the convex conjugate,

δ∗K(u) = sup
x∈E
{〈u, x〉 − δK(x)} = sup

x∈K
〈u, x〉 = σK(u).

The supremum is a maximum because K is compact. Applying the Lecture 4 Fenchel duality
formula to h = δK , the dual of

inf
x
{f(x) + δK(x)}
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is
sup
u∈E∗
{−f∗(u)− δ∗K(−u)} = sup

u∈E∗
{−f∗(u)− σK(−u)}.

For any x and u, Fenchel–Young gives

f(x) + f∗(u) ≥ 〈u, x〉 .

If x /∈ K, then δK(x) = +∞, so the gap is nonnegative. If x ∈ K, then

σK(−u) ≥ 〈−u, x〉 = −〈u, x〉 .

Thus
G(x, u) = f(x) + δK(x) + f∗(u) + σK(−u) ≥ 0.

(b) The subdifferential of the support function is the exposed face:

∂σK(w) = arg max
z∈K

〈w, z〉 .

Indeed, if z maximizes 〈w, ·〉 over K, then for every w′,

σK(w′) ≥
〈
w′, z

〉
= 〈w, z〉+

〈
w′ − w, z

〉
= σK(w) +

〈
w′ − w, z

〉
,

so z ∈ ∂σK(w). Conversely, suppose q ∈ ∂σK(w). Then

σK(w′) ≥ σK(w) +
〈
w′ − w, q

〉
∀w′.

Taking w′ = 0 gives 〈w, q〉 ≥ σK(w). Also, applying the subgradient inequality to w+ τa and
using subadditivity of σK ,

σK(w) + τσK(a) ≥ σK(w + τa) ≥ σK(w) + τ 〈a, q〉 ∀a, τ > 0.

Hence 〈a, q〉 ≤ σK(a) for all a. By finite-dimensional separation, this implies q ∈ K. Therefore
〈w, q〉 ≤ σK(w), and together with the inequality above we get 〈w, q〉 = σK(w). Thus q
maximizes 〈w, ·〉 over K. Taking w = −u gives

∂σK(−u) = arg max
z∈K

〈−u, z〉 = arg min
z∈K

〈u, z〉 .

Now set u = ∇f(x) and choose s ∈ arg minz∈K 〈u, z〉. Since f is differentiable, Fenchel–Young
is tight at u = ∇f(x):

f(x) + f∗(u) = 〈u, x〉 .

Also σK(−u) = 〈−u, s〉 = −〈u, s〉. Therefore

G(x,∇f(x)) = 〈u, x〉 − 〈u, s〉 = 〈∇f(x), x− s〉 .

(c) Let ut = ∇f(xt). From part (b),
st ∈ ∂σK(−ut).

For the composition u 7→ σK(−u),

∂(σK ◦ (−I))(ut) = −∂σK(−ut),
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so −st ∈ ∂(σK ◦ (−I))(ut). Since f∗ is differentiable at ut and ∇f∗(ut) = xt,

xt − st ∈ ∇f∗(ut) + ∂(σK ◦ (−I))(ut) = ∂Ψ(ut).

The dual mirror-descent subproblem is unconstrained:

ut+1 ∈ arg min
u∈E∗

{γt 〈u− ut, xt − st〉+Df∗(u, ut)} .

Using
Df∗(u, ut) = f∗(u)− f∗(ut)− 〈u− ut,∇f∗(ut)〉 ,

this means ut+1 minimizes

γt 〈u− ut, xt − st〉+ f∗(u)− f∗(ut)− 〈u− ut,∇f∗(ut)〉

over u ∈ E∗. Its first-order condition is

0 = γt(xt − st) +∇f∗(ut+1)−∇f∗(ut).

Since ∇f∗(ut) = xt,

∇f∗(ut+1) = xt − γt(xt − st) = (1− γt)xt + γtst = xt+1.

Since ∇f∗(ut+1) = xt+1, we have xt+1 ∈ ∂f∗(ut+1). By conjugacy, ut+1 ∈ ∂f(xt+1). Since f
is differentiable, ∂f(xt+1) = {∇f(xt+1)}. Therefore

ut+1 = ∇f(xt+1).

Thus the dual mirror-descent update is exactly the Frank–Wolfe update written in dual
coordinates.

(d) We prove the formula by induction. For T = 1, γ0 = 1, so x1 = s0, and

s0 =
2(0 + 1)

1 · 2
s0.

Assume

xT =
T−1∑
t=0

2(t+ 1)

T (T + 1)
st.

Using γT = 2/(T + 2),

xT+1 =

(
1− 2

T + 2

)
xT +

2

T + 2
sT =

T

T + 2
xT +

2

T + 2
sT .

Substituting the induction hypothesis,

xT+1 =
T−1∑
t=0

2(t+ 1)

(T + 1)(T + 2)
st +

2(T + 1)

(T + 1)(T + 2)
sT .

This is exactly

xT+1 =

T∑
t=0

2(t+ 1)

(T + 1)(T + 2)
st.

Therefore, for every T ≥ 1,

xT =

T−1∑
t=0

2(t+ 1)

T (T + 1)
st.
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