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Problem 1 (Positive-orthant entropy restricted to the simplex). In Lecture 8, multiplicative weights
was presented as the mirror update on the simplex geometry. Here we derive the same update from
the ambient entropy ®(z) := Y, x;logz; on RL, restricted to Ag := {x IS Ri DY T = 1}. Let
AY = AdﬂRi+, and use the continuous extension of Dg(-,y) to Ag, with 0log0 := 0. Fory € A9,
g €R?, and n > 0, consider

o+ € argmin{n (g, z) + Do (z,y)}.
TEAY

The Lagrange multiplier below is the normal direction to the simplex.

(a) Compute the ambient Bregman divergence:

d d d
T
Do(z,y) =Y milog == zi+ Y ui
i=1 vi o i=1
Deduce that Do (z,y) = Y, x;log(xi/y;) for x,y € Aj.

(b) First show that every minimizer belongs to AY. Then write the KKT condition for the con-
strained minimization over Ag, and show that there exists X € R such that ng; + log :cj‘ —
logy; + A =0 for all i.

(¢) Deduce the normalized exponential update
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(d) Show that adding a constant vector to the covector does not change the update: for every
c € R, replacing g by g + c1 gives the same x*. FExplain this using the tangent space

{fveR!: Y v; =0},
(e) Ify=1(1/d,...,1/d), prove Dg(u,y) < logd for every u € Ay.
(f) Now run the entropy mirror-descent update from parts (a)—(c) for covectors gi,...,gr, start-

ing from x1 = (1/d,...,1/d), and assume ||g¢||.. < G for all t. You may use the fact that
negative entropy is 1-strongly convex with respect to ||-||; on Aq. Prove that, for everyu € A,

T

logd G2T
g (gt, 2 —u) < 8 +77 )
t=1 N 2

Choose n as a function of G, T,d and deduce the regret bound Zle (9t, ¢ —u) < G/2T log d.



(g) Compare this with Euclidean mirror descent on the same simplez, using ¥(z) := % |z and

x1 = (1/d,...,1/d). Using the same assumption ||g:||., < G, prove that Euclidean mirror
descent gives

T
1 dG*T
Z(gt,xt—wﬁ——l-n Yu € Ag.
2n 2
t=1
Optimize n and compare the resulting G dT dependence with the entropy bound G~/T logd.

Problem 2 (RMSProp as diagonal AdaGrad for discounted regret). RMSProp was popularized
through Geoffrey Hinton’s neural-network course notes and is more common than AdaGrad in mod-
ern deep-learning practice. It is also the second-moment core of Adam, before adding first-moment
momentum and bias correction. This problem studies that momentum-free core.

Let X C R? be nonempty, closed, and convez, and assume

Ry = sup ||z — vyl < oc.
r,yeX

Fixn>0,e>0, and By € (0,1). Let Zl, .. ,ET : X — R be convex losses. Starting from 1 € X,
define the RMSProp-style second-moment update

~ T o ~9
gt € OLy(7y), V0, = €, v = Bavt—1,i + Gi s

1 . ~ . ~ 1 ~
H, = E diag(\/Vt1,- - 1/Vtd)s Tiy1 € arg r)r;m {(gt,x> + 3 |z — a:tH%t} .
T€

Here HZH%I .= 2" Hz for H = 0. The point of the problem is that this discounted RMSProp trajectory
is exactly a diagonal AdaGrad trajectory after a time-dependent rescaling of the losses.

(a) Show that the update is the H-metric projection

~ 1 o~ 12
T41 — argmin — Hw — (;[;t _ Ht lgt)’ ~
zeX t
In particular, if X = R%, prove the coordinate formula
- ~ Gt,i .
Ti41,4 = Tt — 1 : 1=1,...,d.

\/'Ut,i,

This is the RMSProp update without first-moment momentum or bias correction.

(b) Define a second trajectory as follows. Set x1 := Z1. Whenever the induction has shown
xt = Ty, define rescaled losses and gradients

Li(w) =8y PLu(x),  gv = By "G, € OLy(&),
and diagonal AdaGrad accumulators
.
ap,; := €, At = Qt—1 +gt2,i7 At = Edlag(\/am,...,\/aud).

Define the diagonal AdaGrad update by

. 1 2
Tpy1 € argmin | (gy, ) + 3 |2 — 23, ¢ -
zeX
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Prove by induction that
~ t/2 ~
Vi = Béam, H; = 62/ Ay, xy = x¢ for every t.

Hint: after using g = ﬁ;t/2§t, show that the RMSProp and diagonal AdaGrad subproblems

differ by multiplication by the positive scalar 55/2, so their argmin sets are the same.

(¢c) Prove the following diagonal AdaGrad regret bound for the rescaled losses: for every u € X,
T

R? d
S (L) — Li(w) < (2;; ; n) SN
=1

t=1

Hint: first prove the one-step inequality

1 9 1 9 1 9
(gt, 0t —u) < ) Ju— $t||,4t ) Ju— l‘t+1||At + ) ||gt||At_l )

then use monotonicity of A: and the scalar inequality

E aTJ.
1 atz

(d) Conwvert part (c) back to the original losses and prove the discounted regret bound

9 d
Zﬁ(T O%2(L,(3) - Lu(u ))_<}§;’7"+n>2 /325+25T g

i=1

Problem 3 (Frank-Wolfe as mirror descent on the Fenchel dual). This problem follows the Bach—
Pena viewpoint that Frank—Wolfe in the primal space can be read as mirror descent on a Fenchel
dual problem.

Let (E,||||) be a finite-dimensional normed space, with dual norm ||-||,. Let K C E be nonempty,
compact, and convex, and let f : E — R be closed, convez, differentiable, and L-smooth with respect

to ||-||. Define

0, x e K,

Or(x) = {

+oo, z¢ K.

The primal problem is
. .
p"i= inf {f () + 0k (2)} = min f(@).

Recall from Lecture 4 that the Fenchel dual of

inf { f(z) + h(z)}

zeFE
18

sup {—f*(u) = h"(-u)}.

uek*
Thus, for the constrained problem above, the dual mazximization problem is

d* = sup {—f"(u) — og(—u)},

ueE*

or equivalently the dual minimization problem is

inf ¥(u), U(u) = f*(u) + ox(—u).

uek*

Part (a) asks you to justify this formula by computing 03 .



(a)

Show that 6} = o, where

ok (u) := max (u, z) .
zeK

Derive the displayed Fenchel dual problem from the Lecture 4 formula. For a primal point
x € E and a dual point u € E*, define the Fenchel primal-dual gap

G(x,u) = (f(2) + 0x(z)) = (= f"(u) = ok (~u)).
Equivalently,
+ 5K(l') + f*(u) + O'K(*u).

G, u) = f()
> 0.

Use Fenchel-Young to show G(x,u)

For x € K, set u=Vf(x), and choose a Frank-—Wolfe atom

s € argmin (u, z) .
zeK

Prove that

Jok(—u) = argmin (u, 2) ,
zeK

and then prove

G(z,Vf(z)) =(Vf(z),z —s).
Thus the Frank—Wolfe gap is exactly the Fenchel primal-dual gap evaluated at the dual point
u=Vf(x).

Comment. Part (b) says that the Frank—Wolfe step can equivalently be written as
ut = V f(x), st € ok (—ue), Tep1 = (1 — )z + st

This is only a change of notation for the same Frank—Wolfe trajectory once the same initial
point, stepsizes, and set-valued atom choices are fixed.

Now look at the same dynamics from the dual space, namely as mirror descent on the dual
minimization objective V. Assume in this part additionally that f is p-strongly convex for
some p > 0. You may use the standard conjugacy facts that f* is differentiable, that
VI*(Vf(xt) = x¢ at the relevant dual iterates, and that f* is 1/L-strongly convex with
respect to ||-]|,. Since

U — f*=0og(—u)
is convex, W is 1-strongly convex relative to the mirror map f*.

Given a Frank-Wolfe trajectory, set uy :== V f(z), and choose

st € argmin (uy, 2) .
zEK

Prove that
xp — s¢ € 0V (uy),

where the subgradient is taken for the dual-space objective ¥ : E* — R. Then prove that the
Frank-Wolfe update
Tep1 = (1 — )z + nese



is equivalent to the dual-space mirror-descent update

Ug41 € arg glin {7 (u —ug, we — 5¢) + Dp(u,u)
uck*

where
Dy (u,v) := f*(u) = f*(v) = (u— v, Vf*(v)).

More explicitly, show that the first-order condition for the displayed mirror-descent subproblem
18

Vi (1) = VI (ur) — ve(xe — s5¢) = (1 — v)me + 750 = Tyga-

Thus, along the coupled trajectory,
U1 = Vf(oe41).

Now take the standard Frank—Wolfe stepsizes

Observe that
t+1

1424+ (1)
Thus, after the reindexing k = t+1, this is exactly the strongly-convexr mirror-descent stepsize
pattern

Vi

k
Mk A Ak , k ;T

Assume zg € K and
i1 = (1 —ye)we + Ye5¢.

Prove by induction that, for every T > 1,

!
_

2t +1
op— S 20D

L T(T + 1)

I
o

In particular, Frank-Wolfe with v = 2/(t + 2) maintains the same linearly weighted average
pattern as the weighted averages used for strongly convexr nonsmooth mirror descent.



