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Problem 1

(a)

Suppose Vf(x) = Vf(y) = g. If x # y, then strict convexity implies the tangent inequality
is strict:

f) > @) +{gy—x),  fl@)>[fly)+{g2-y).

Adding these two inequalities gives 0 > 0, a contradiction. Hence z =y, so Vf : E — E* is
injective.

For convex conjugates, Fenchel-Young says
f(@)+ f*(9) = (g,2),
with equality iff g € Of(x) iff z € 9f*(g). Since f is differentiable,
geodf(x) <= g=Vf()

Thus
g=Vf(z) = f(x)+ f(9) =(g9,2) <= z€If(9)

Let
Vf(E) ={Vf(z):z€ E} C E*.

Now fix g € Vf(F), and write g = Vf(z). If y € 9f*(g), then g = Vf(y), so part (a) gives
y = x. Hence 0f*(g) consists of the single point x. Therefore f* is differentiable at g, with
gradient equal to the unique subgradient:

Vit(g) =z.

Equivalently,
VI = (VL on VA(E).

Strong convexity gives
) = f(@)+ (V) y =) + 5y — o],

1@) > 1)+ (VS )z =)+ 5 e — ).
Adding them yields

(Vf(x) = Vf(y),z—y) ZuHx—yHQ Vo,y € E.



(e) Fix g € E*. Consider
Og(x) = f(x) — (g, ).

Since f is p-strongly convex, so is ¢4. Also ¢4 is continuous and, for any fixed xo,

Pg() 2 dg(x0) +(V [(20) = g, — 20) + g lz — zol®,

S0 ¢g(x) = +00 as ||z|| — oco. Therefore ¢, has a unique minimizer x,. Equivalently, the
supremum defining f*(g) has a unique maximizer z,.

zq € 0f(g)
by the equality case of Fenchel-Young. Part (b) then gives
9= Vf(zy),
so g € Vf(E). Since g € E* was arbitrary,
Vf(E)=E".
Equivalently, f*(g) < oo for every g € E*, so
dom(f*) = E*.

By part (c),
Vi(g)=z4=(Vf) 'g) VgeE"

(f) Let
2= V(9 o= V(D).

Then g = Vf(xz4) and h = V f(z1,). Applying part (d) with z = 2, and y = x5, we get

(g—h, VI (g) = V() > u|VF(g) — VIR

By Holder,
plIVF(g) = VM < g =Rl IV (g) = V(R

If the last factor is nonzero, divide through by it. We obtain
* * 1
IVF () = VIRl < g =Pl

So f* is 1/p-smooth with respect to ||-|,.

Problem 2

(a) The feasible set is the intersection of the simplex with an affine hyperplane, so it is convex.
The objective

m
O(p) := > pilogp;
=1

is convex on the nonnegative orthant (with the convention 0log0 = 0). Because a strictly
feasible point exists, Slater’s condition holds, so strong duality holds.



(b) Introduce multipliers v, A € R for the equality constraints and p; > 0 for the inequalities
p; > 0, written as —p; < 0. The Lagrangian is

m m m m
L(p,v, A, p) = Zpi log pi + V(Zpi - 1) + A(Z aip; — Oé) - Z,Uipi-
i=1 i=1 i=1 i=1
The KKT conditions are:

pi 20, sz:l, Za@-m:a,
MzZO;

1+logp; +v+Aa; —pu; =0 (i=1,....,m),
,ul'pl':o (i:1,...,m).

(c) We first show that every optimal solution is strictly positive. Suppose p* is optimal and
p; = 0 for some i. Let ¢ be a strictly feasible point. Then

p(t) = (1 = t)p" +1tq

is feasible for all sufficiently small ¢ > 0, and the i-th coordinate of p(t) equals tg; > 0.
Since tlogt has derivative —oc at 0", the one-sided derivative of ®(p(t)) at t = 0" is —oo,
contradicting optimality of p*. Thus p; > 0 for all <.

Hence complementary slackness gives p; = 0 for all 4, and the stationarity condition becomes
1+logp; + v+ Aa; = 0.

Therefore
logpy = —1 —v — Aaj, p;r =exp(—1—v — Aa;).

(d) Summing the formula from part (c) over ¢ and using >, p¥ = 1, we get

1
1 e—l—l/ § :e—)\aj, 6_1_V )
m —Aa;
E e J
J=1 Jj=1

Thus

6—>\ai

*
p; = m —da;
Zj:l e =

The scalar A is then chosen so that the moment constraint holds:
m
Z a;p; = a.
i=1

Problem 3

(a) Given x € R", query the value/subgradient oracle for each ¢;, obtaining ¢;(z) and g; € d¢;(x),
and query the oracle for f, obtaining f(x) and gy € 0f(x).

Then define Separate, (r) as follows:



o If ¢;(x) > 0 for some 4, return the halfspace
H={yeR": ¢(x)+ (g, y —x) <0}.

e Else, if f(z) < f*+ 0, certify that z € Kj.
e Else return the halfspace
H={yeR": f(x)+ {95,y —x) < f"+6}.
(b) If the procedure certifies = € K, then by construction ¢;(z) <0 for all ¢ and f(z) < f* + 4,
so indeed x € K.
Now suppose the procedure returns the constraint halfspace associated to some i with ¢;(z) >
0. For any y € Kj, convexity gives
ci(y) = ci(x) + (gi,y —z) .

Since ¢;(y) < 0, it follows that
soy € H. Thus K5 C H. But

ci(x) + (gi,x — z) = ¢i(z) > 0,

sox ¢ H.
Finally, suppose all constraints are satisfied but f(z) > f*+J. For any y € Ky, convexity

gives
) = f(@)+(gry — ).
Since f(y) < f* +6,
f(@) +{gr,y —2) < f*+9,
so again Kg C H. But
f@)+ (g2 —x) = fz) > f"+0,

hence z ¢ H. Therefore the oracle is correct in every case.

Problem 4

(a) We have
Vi) = Vf(z) + Mz — z).

Hence for all z,y € R",
Vi) = V@)l < IVF(y) = V@)l + Ay = zlly < (M +A) [ly — 2],
So f is (M + A)-smooth.
For strong convexity, convexity of f gives
fy) = f(2) +(Vf(2),y — ).

Also
2

A A 2 A
Moy = (0>H :fH _ <0>H SN IO My — 212
5 Hy 2|, =5 e 2+)\<x %y :E>+ 5 ly — |5

4



Adding these two identities yields

A
fr) = @) + (V@) y —2) + 5 lly = 23
Thus fy is A-strongly convex.
By optimality of x7%,

AR

@) < @) = F@) + 5 ot = 2O < e+ 20

Since f(x}) < fa(x}), we conclude

AR?
fa3) = fa®) < =~
We have
2
f(x) < fa(@) < @) + 5 < @) + % g

Hence z is e-optimal for min, f(x).

Let
L:= M+ )\, W= A

Gradient descent with step size 1/L on the L-smooth, u-strongly convex function f satisfies
X Y «
In(ze) — fa(2)) < (1 B f) (fk(fﬂ(o)) - fA(fCA))

It is enough to make the right-hand side at most £/2. Since fy(z(?) = f(z(®)), a sufficient
condition is

(1 - Mi)\)t(f(:v(o)) — Na(2})) < <.

, it suffices to take

| ™

s

Using 1 —s < e~

> M2 206 = fleh))

Since fy(zY) > f(x*), we may simplify this to
A

M+, 2(f(a®) = f(a¥)) ‘

> 1
t> h\ og -
With \ = &/R2, this becomes
MR? 2(f(z©@) — f(a*
. ( +1) log (f®) = f(@*)
£ £

By part (c), this guarantees that x; is e-optimal for the original problem.



Problem 5

(a) Let

Q :=sup Qy, M := sup Sf .
zelk el

We first prove Sy = Q. Let d := y — z. Since f € C*(E),

1
fy) = flz) = (V[f(z),d) = /0 (1 —t)(V*f(x + td)d,d) dt.
Hence .
|f(y) = f(z) = (Vf(z),d)| < / 1-t)Q|d|? dt = % ]|
0

Therefore Sy < Q.

Conversely, if

S
F() = fl@) = (Vf@@)y—2)| < S lly—=|®  VayeB,
then applying this with y = x + th, dividing by t?/2, and letting t — 0 gives
(V2f(z)h,h)| < S|R|*  Va,h

Thus Q7. < S for every x, so @ < S. Taking the infimum over such S gives () < Sy. Hence
Sy =Q.
Next we prove Ly = M. Let d :=y — z. For every v € E,

1
(Vf(y) - Vf(x),0) :/0 (V2f(x + td)d, ) dt,
(Vf(y) = Vf(x),v)| < MJd| |v].

Taking the supremum over |[v|| < 1 yields

IVf(y) = V@), < Mlly — =,

so Ly < M.
Conversely, if
IVf(y) = Vi@, <Llly -z  Vz,yeFE,
then for every z,u € F,
IV f(x +tu) — V()]
I

= < Lfull.
Letting t — 0 gives
V2 f(@)ul], < Lull.

Hence
(V2 f(@)u,v)| < Lull v Va,u,v,

so Sy, < L for every x, hence M < L. Taking the infimum over such L gives M < Ly.
Therefore Ly = M.



(b) In Euclidean space, V2 f(z) is symmetric for every z. By the hint,
Sta=Qfz Vo € R™.
Taking the supremum over z and using part (a) gives
Sy =Ly.
(c) Write A =y —x = (a,b). Then
fy) = (@) = (Vf(2),y — x) = ab,

because V f(x1,x2) = (x2,21). Therefore Sy is the smallest constant S such that

S
jab] < 2 (lal + )2 Va,beR.

Since )
gy < ol B
2
with equality at |a| = |b], we get
1
Also

Thus Ly is the smallest constant L such that
max{|al,|b|} < L(|a| + |b]) Va,b € R.

Taking (a,b) = (1,0) shows L > 1, and L = 1 clearly works. Hence

(d) The first inequality Q(B) < M (B) is immediate by setting u = v = h.

For the second inequality, let ||u|| <1 and [jv|| < 1. Since B is symmetric,
4B(u,v) = B(u +v,u+v) — B(u — v,u — v).

Therefore
41B(u, )] < [Blu+v,u+ )| +|Bu—v,u—1v).

Now |lu £ v|| < |lu]| + ||[v]| < 2, so by the definition of Q(B),
|B(u+v,u+v)| <4Q(B).

Hence 4 |B(u,v)| < 8Q(B), i.e.
| B(u,v)| < 2Q(B).

Taking the supremum over ||ul|,||v|| <1 gives

M(B) < 2Q(B).



(e) For each z € E, apply part (d) to the symmetric bilinear form
By(u,v) == <V2f(a:)u,v> .

Then
Qfe < Sz <2Qp, Vxek.

Taking the supremum over x and using part (a) yields
S F<Lf< 2S f-

Part (c) gives

1
Ly=1=27 =25,

so the factor 2 is sharp.



