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Problem 1 (Subgradients of concrete convex functions). Compute the subdifferentials in the fol-
lowing cases.

(a) Let f:R?> = R be
f(z1,22) := max{zy, x2}.

Compute Of (z1,x2) for all (z1,x9) € R2.
(b) Let f:R® R be )
f(@) = |lzll, = Z; |-
Compute Of (x) for all z € R™. )
(c) Let f:R" =R be

(@)= |lzlloe = max |ai.
Compute Of(z) for all x € R™.
(d) Let ||-]| be any norm on a finite-dimensional real vector space E, and let the dual norm on
E* be
gl == sup (g,2).
lzll<1
Prove that

-1 (0) ={g € E* : |lg]l, <1},
and that for every x # 0,

O - (x) ={g € E*: |lgll, = 1, (g,2) = |lz[}.
Problem 2 (Jensen’s inequality). Let C C E be convex, and let f : C — R be convez.

(a) Prove the finite Jensen inequality: if x1,...,2m € C and Ai,..., Ay > 0 with Y10 N = 1,

then - -
f(z Am) <> Nif ().
=1 i=1

(b) Let X be a discrete random variable taking values in C, say X = x; with probability A\;. Show
that
FE[X]) <E[f(X)].



Problem 3 (Carathéodory’s theorem). Let S C RY, and let x € conv(S).

(a) Among all representations

m m
x:Z)\isi, SiES, )\iZO, Z)\Z':l,
i=1 =1

choose one with m minimal. Prove that the points s1, ..., Sy, must be affinely independent.

(b) Deduce that m < d—+ 1.

(¢) Conclude that every point in conv(S) can be written as a convex combination of at most d+ 1
points of S.

Problem 4 (Log-sum-exp and softmax). Define F': R™ — R by

F(z):= log<§: ewi), r=(21,...,2,) € R™.

i=1

(a) Fori=1,...,m, define

Show that mi(xz) >0 and >, m(z) = 1.
(b) Compute VF(x) and show that

VF(z) = (m(x),...,mm(z)).

(¢) Deduce that F' is convex on R™.

(d) Prove the bounds

max z; < F(z) < max z; + logm.
1<i<m 1<i<m

Problem 5 (Radon’s theorem). Let z1,...,2442 € R?. Assume that the points are distinct for sim-
plicity. The following form of Radon’s theorem points in the opposite direction from Carathéodory’s
theorem: Carathéodory says that points in a conver hull admit sparse representations using at most
d + 1 points, whereas Radon says that once one has d + 2 points in RY, the set can be partitioned
into two disjoint subsets whose convex hulls intersect.

InR?, Radon’s theorem says that for any four points, either one point lies in the triangle formed
by the other three, or the four points are in convex position and the two diagonals cross. Two typical
pictures are:

rs3 T4 T3
T L2 x1 Z2
(a) One point lies in the triangle formed by the (b) If the four points are in convex position, the
other three. two diagonals cross.



(a) Prove that there exist scalars i, ..., qq12, not all zero, such that

d+2 d+2

Zaia:i =0 and Zai =0.
i=1 1=1

(b) Let
It :={i:a; >0}, I_:={i:a; <0}.

Show that both sets are nonempty.

(¢) Define
Q; . —Q .
ANi==—— (i€ly), i = —=""-— (€l.).
Zjeu Qj Zjef, (—ay)
Show that (\;)ier, and (p;)ier_ are convex coefficients and that
Z Aix; = Z i T
i€l el
(d) Deduce that {x1,...,xq12} can be partitioned into two disjoint subsets whose convexr hulls

intersect.

Problem 6 (Max-flow min-cut via LP duality). Let G = (V, E) be a finite directed graph with
source s, sink t, and edge capacities ¢y, > 0 for each directed edge (u,v) € E.

e — -

cut S ={s,a}, cap =2+

For each vertex v € V', write
E*(v) := {(v,w) € E}, E™(v) :={(u,v) € E}.
An s-t cut is S CV with s € S, t ¢ S; its capacity is

cap(S) := Z Cuv-

(u,v)€E
ues, vgsS

A feasible s-t flow is a family
f= (fuv)(u,v)GE



such that
0< fuv < cuw ((U,U) S E)

and
ST A= Y £ wevV\{st).
ecET(v) ecE~(v)
Its value is
Val(f) = Z fe_ Z fe-
ecE*(s) e€E~(s)

(a) Write the problem of maximizing val(f) over all feasible s-t flows as a linear program in the

edge variables (fuv)(uv)eE-

(b) Let y,, be the free dual variable for the flow conservation constraint at verter v € V '\ {s,t}
and zy, the nonnegative dual variable for the constraint fy, < cyy. Show that the LP dual is

min Z Cuv Zup St Ys —yr = 1, Zup > max(yy — Yu, 0) ((w,v) € E).
(u,v)EE

(¢) Prove weak duality:
Val(f) < Z Cuv Ruv

(u,v)EE
for any feasible flow f and any dual-feasible pair (y, z).

(d) Show that every s-t cut S gives a dual-feasible solution with objective value exactly cap(S).

(e) Let (y,z) be dual-feasible. Show that replacing y by y — y:1 preserves feasibility, so one may
assume yy = 0 and ys = 1. Then, for a € [0,1), let

Sa={v:yy > a}.

Show that each S, is an s-t cut, and that

1
/0 cap(Sy) da < Z(u,U)GECUU Zuw-

Deduce that the LP dual optimum equals the minimum cut capacity, and that the dual admits
an optimal {0, 1}-valued solution.

(f) Use strong LP duality to prove the maz-flow min-cut theorem:

max {val(f) : f is a feasible s-t flow} = min{cap(S) : S is an s-t cut}.



